ABSTRACT. Let u = (u n ) be a sequence of real numbers whose generator sequence is Cesàro summable to a finite number. We prove that (u n ) is slowly oscillating if the sequence of Cesàro means of (ω (m−1) n (u)) is increasing and the following two conditions are hold:
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ABSTRACT. Let u = (u n ) be a sequence of real numbers whose generator sequence is Cesàro summable to a finite number. We prove that (u n ) is slowly oscillating if the sequence of Cesàro means of (ω 
Introduction
Let u = (u n ) be a sequence of real numbers. Cesàro means of the sequence (u n ) are defined by
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A sequence (u n ) is said to be Cesàro summable to a finite number s if
If the limit
exists, then (u n ) is Cesàro summable to s. The converse is not necessarily true. However, (1) may imply (2) by adding some suitable condition on the sequence (u n ). Such a condition is called a Tauberian condition and the resulting theorem is called a Tauberian theorem. Let u = (u n ) be a sequence of real numbers. If
for some v = (v n ), we say that the sequence (u n ) is regularly generated by the sequence (v n ) and (v n ) is called a generator of (u n ). For a sequence (u n ),
where
can be rewritten as
The classical control modulo of the oscillatory behavior of (u n ) is denoted by ω (0) n (u) = n∆u n , where ∆u n = u n − u n−1 and u −1 = 0. The general control modulo of the oscillatory behavior of integer order m ≥ 1 of a sequence (u n ) is defined inductively in [4] by
For a sequence u = (u n ) we define
for any positive integer m and nonnegative integer n, where (n∆) 0 u n = u n and (n∆)
n (V (m−1) (∆u)) for any positive integer m.
Hardy [6] proved that the condition ω
is a Tauberian condition for Cesàro summability method. Landau [7] extended Hardy's Tauberian theorem to the case of one-sided boundedness
for some M > 0. Dik [5] showed that the condition (5) in Landau's theorem can be replaced by the condition
for some M > 0. Instead of recovering convergence of a sequence from the existence of (1) and some additional condition, one can obtain more general information on the sequence by replacing Cesàro summability of (u n ) by Cesàro summability of its generator sequence. Stanovejić and Stanovejić [10] proved that if ω
and the generator (V
n (∆u)) of (u n ) is Cesàro summable to s, then (u n ) is slowly oscillating.
A sequence (u n ) is called slowly oscillating [8] if
Stanovejić [9] reformulates the preceding definition of slow oscillation as follows:
where [λn] denotes the integer part of λn.
A sequence (u n ) is called slowly decreasing [8] if
It follows from the definition that the condition (5) implies that (u n ) is slowly decreasing.
De la Vallée Poussin means of u = (u n ) are defined by, for λ > 1 and sufficiently large n,
and, for 0 < λ < 1 and sufficiently large n,
Ç anak and Dik [2] have investigated conditions, which are in terms of the general control modulo of the oscillatory behavior of order 1 of (u n ), under which Cesàro summability of (V (0) n (∆u)) implies slow oscillation of (u n ). Ç anak [1] has recently replaced the condition (7) by the more general conditions on de la Vallée Poussin means of M = (M n )
In this paper we obtain slow oscillation of (u n ) from Cesàro summability of (V (0) n (∆u)) by adding some conditions on de la Vallée Poussin means of the qth power, q > 1, of the general control modulo of the oscillatory behavior of integer order m ≥ 1 of a sequence (u n ).
Main result
Throughout this section m is any nonnegative integer and q is any positive real number greater than 1.
Ì ÓÖ Ñ 2.1º For the real sequence
u = (u n ) let (σ (1) n (ω (m−1) (u))) be
increasing and the conditions
and
be hold. If (V
n (∆u)) is Cesàro summable to s, then u = (u n ) is slowly decreasing.
In the complex case, one of the conditions
is sufficient to recover that u = (u n ) is slowly decreasing out of Cesàro summability of its generator sequence: Contrary to the main theorem, we do not require in the complex case that the condition (σ
We need the following lemmas for the proof of our theorem.
Ä ÑÑ 2.2º
Let u = (u n ) be a sequence of real numbers.
(i) [9] For λ > 1 and sufficiently large n,
where [λn] denotes the integer part of λn.
(ii) [5] For 0 < λ < 1 and sufficiently large n, 
Proof of Theorem 2.1
From (14) we obtain
Applying Lemma 2.2(i) to σ (1) n (ω (m−1) (u)) we have
for λ > 1 and sufficiently large n. For the second term on the right-hand side of (17) we have
Let q > 1 and
Applying Hölder inequality to the last sum, we obtain
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Consequently, we get
Taking the lim inf of both sides of (17) we see that the first term on the right-hand side vanishes. Therefore we deduce by taking into consideration (18) that lim inf
It then follows by the condition (10) that lim inf
Similarly, applying Lemma 2.2 (ii) to σ (1) n (ω (m−1) (u)), we have
[λn] (ω (m−1) (u))
for 0 < λ < 1 and sufficiently large n.
For the second term on the right-hand side of (20), we have
Applying Hölder inequality to the last sum, we obtain 
Taking the lim sup of both sides of (20) we see that the first term on the right-hand side vanishes. Therefore we deduce by taking into consideration (21) that lim sup n (σ 
n (ω (m−1) (u)) − σ (2) n (ω (m−1) (u))) ≤ 0.
